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We study the stati magneti orrelations in lightly doped La2−xSrxCuO4 within the framework
of a dipolar frustration model for a anted antiferromagnet. We show that the stability of the anted
Néel state for x < 2% is due to the Dzyaloshinskii-Moriya and XY anisotropies. For higher doping
the ground state is unstable towards a helioidal magneti phase where the transverse omponents of
the staggered magnetization rotate in a plane perpendiular to the orthorhombi b-axis. Our theory
reoniles, for the rst time, the inommensurate peaks observed in elasti neutron sattering with
Raman and magneti suseptibility experiments in La2−xSrxCuO4.
PACS numbers: 74.25.Ha, 75.10.Jm, 74.72.Dn
Introdution.− The magneti and transport proper-
ties of La2−xSrxCuO4 (LSCO) evolve tremendously with
doping [1℄. For 0 < x < xAF ≃ 0.02, LSCO is a
Mott-Hubbard insulator that exhibits 3D antiferromag-
neti (AF) order with a Néel temperature TN ≃ 325K at
x = 0. For xAF < x < xSC ≃ 0.055, inside the spin-
glass (SG) phase, stati inommensurate (IC) magneti
orrelations are observed in neutron sattering, demon-
strating the importane and persistene of the strong AF
orrelations well after the Néel long range order has been
destroyed. Further doping, x > xSC , eventually drives
the system into a superonduting (SC) state, where dy-
nami magneti orrelations are also known to play an
important role [1℄.
Inelasti neutron sattering (INS) experiments within
the SC phase have revealed that dynamial IC spin or-
relations oexist with superondutivity [2℄. Moreover,
the experimentally observed four peaks assoiated with
the IC magneti order are aompanied by harge peaks,
with periodiity twie the magneti one, provided a low-
temperature tetragonal phase is stabilized (as, for ex-
ample, by Nd doping) [3℄. These features have been
onsistently interpreted within a model of stripes at-
ing as antiphase domain walls [4℄. More reently, stati
IC magneti orrelations have also been observed within
the low-temperature orthorhombi (LTO) SG phase of
LSCO [5℄. In this ase, only two IC peaks, rotated by
45
◦
with respet to the ones in the SC phase, have been
observed. Beause suh inommensurability follows the
same linear dependene upon doping as the other four
peaks [6℄, the above results, as well as reent Raman
measurements [7℄, have been interpreted as a signature of
diagonal stripe order. However, assoiated harge peaks
have never been observed in the LTO phase of LSCO,
what raises the question of the validity of the diagonal
stripe piture within the insulating SG phase.
Reently, a model based on the seminal ideas of
Shraiman and Siggia [8℄ has been proposed. It a-
ounts for the observed magneti IC diagonal peaks with-
out having to assume a harge order [9℄. Within this
model, the two IC magneti peaks would originate from
a spiral state, with the staggered magnetization rotating
within the CuO2 layers (ab plane), in suh a way that
the measured magneti inommensurability would orre-
spond to the inverse spiral pith. More reently, Sushkov
and Kotov have onsidered a similar spiral state in the
t−t′−t′′−J model [10℄. It was shown that while in the in-
sulating region, x < xSC , the diagonal (1, 1) and (1,−1)
spirals have lower energy than the horizontal (1, 0) and
vertial (0, 1) ones due to the Coulomb trapping of the
doped hole near the Sr ion, in the metalli state, x > xSC ,
the Fermi motion energy favors the (1, 0) and (0, 1) spiral
states, leading to a jump of 45
◦
in the diretion of the
spiral pith aross the metal-insulator transition.
Despite being able to qualitatively explain neutron
sattering data in the SG phase, the above spiral pi-
tures have two major problems: i) the ollinear Néel state
is unstable towards the spiral state already at innites-
imal doping, x 6= 0; ii) the spiraling of the staggered
magnetization in the CuO2 layers is not onsistent with
magneti suseptibility experiments in LSCO, whih indi-
ate that the Cu
++
spins remain onned to the bc plane
throughout the SG phase (χa remains featureless) [11℄.
In this Letter we demonstrate that only by onsidering
properly both the Dzyaloshinskii-Moriya (DM) and XY
anisotropies the above two problems an be solved, and
we provide an elegant desription of the unied physis of
IC orrelations and anisotropi magneti response in the
SG phase of LSCO. We show that the anisotropies give
robustness to the anted Néel state for x < xAF and that
the same anisotropies lead to the formation of a Lifshitz
helimagnet above xAF , with the small transverse ompo-
nents of the staggered magnetization rotating in the ac
plane. Suh helix rotation of the staggered magnetization
is aompanied by a small preession of the loal magne-
tization (weak-ferromagneti (WF) moment) around the
out-of-plane c-axis. The spae integrated sublattie mag-
netization and WF moment, on the other hand, are ori-
ented along the b- and c-axis, respetively, in suh a way
that, from the point of view of the magneti suseptibil-
ity, the total spin is onned to the bc plane, in agreement
with experiments [11℄.
2The model.− The presene of stati magneti orrela-
tions within the SG phase of LSCO allows us to use a
Hamiltonian desription of the long-wavelength utua-
tions of the staggered order parameter, n (see [12, 13℄ for
a detailed derivation of the model). For x = 0 we an
write (we use a soft version of the n2 = 1 onstraint)
HM = 1
2t
∫
d2x
{
(∇n)2 + 1
2
(mα
Ja
)2
n2α +
u0
2
(n2 − 1)2
}
,
(1)
where n is the loal staggered magnetization, t−1 ≡ ρs/T
is the renormalized lassial spin stiness, with ρs = JS
2
,
J is the AF superexhange, a is the lattie onstant, T is
the temperature, and S = 1/2 is the spin. The eet of
both the DM and XY anisotropies is to generate gaped
transverse exitations. We denemα, (α ≡ a, b, c), as the
bare masses of the magneti exitations along the three
diretions of the LTO phase. The bare masses ma and
mc are related to the DM and XY anisotropy parame-
ters, respetively, whereas the mass of the longitudinal
mode, mb (the heaviest of all three), is proportional to
the oupling onstant u0. Furthermore, the uniform part
of the Cu
++
spins, L, is related to the staggered order
parameter, n, through 〈L〉 = (1/2)(〈n〉 ×D+), and gives
rise to a WF moment perpendiular to the CuO2 layer
[12, 13℄. Here D+ = (D+, 0, 0) is a thermodynami DM
vetor oriented along the a-axis, related to the tilting
angle of the oxygen otahedra D+ ∼ δ [13℄, and we use
units suh that J = a = 1.
The eet of a small number of holes (x 6= 0) on an
antiferromagnet an be haraterized, in a oarse-grained
desription, in terms of a dipolar frustration of the AF
bakground [8, 9℄. We introdue a dipolar eld, Pµ, that
ouples to the AF magnetization urrent as
Hint = −2λ
∫
d2xPµ · (n× ∂µn), (2)
where λ ≡ λ˜/T is the dipolar oupling onstant, λ˜ ∼ 1
[14℄, and the eld Pαµ is a vetor in both lattie and spin
spaes. The above mathematial form belongs to a lass
known as Lifshitz invariants, whih play an important
role in stabilizing long-period spatially modulated stru-
tures with xed sense of rotation of the vetors n in sys-
tems like Ba2CuGe2O7 and K2V3O8 [15℄.
In the ase of a nonuniform onguration for the dipo-
lar eld, Pµ, we an write
HD = 1
2κ
∫
d2x
{
(∇Pµ)2 + µ2αµ(Pαµ )2
}
, (3)
where κ = κ˜T with κ˜ denoting the dipole stiness, and
µαµ is the bare mass of the dipole eld, P
α
µ , whih, in
mirosopi terms, is related to the energy ost of pop-
ulating the µth valley of the vaany Fermi surfae with
the spin polarization α [8, 14℄.
The appearane of elasti IC peaks in neutron satter-
ing an our, in priniple, whenever 〈Pµ〉 6= 0. We thus
alulate the eet of the magnons on the self-energy of
the dipolar elds, arising from the dipole-magnon inter-
ation in Eq. (2). Straightforward alulations yield
M2αµ = µ2αµ − 8κ(tλ)2ǫαβγǫαβγ
×
∫
d2k
(2π)2
kµkµ
(k2 +m2β/2)(k
2 +m2γ/2)
. (4)
The Fermi wavevetor kF =
√
πx provides the uto in
the momentum integrals, beause the oarse-grained de-
sription employed here is valid on length sales muh
larger than the distane between the holes, l ≫ k−1F ∼
x−1/2 [8, 14℄. Inspetion of Eq. (4) reveals that, even
when the bare dipole masses are isotropi in the spin
spae, µαµ ≡ µµ, ∀α, the renormalized ones may be
anisotropi due to the dipolar interation, Eq. (2), whih
involves dierent magnon modes. Moreover, an instabil-
ity to a phase with 〈Pαµ 〉 6= 0 may indeed our. In par-
tiular, when ma = mc = 0, suh instability appears al-
ready at innitesimal doping, beause the momentum in-
tegral in Eq. (4) diverges logarithmially. Finally, due to
the hierarhy between the masses of the magnon modes,
ma < mc ≪ mb (atually mb → ∞ in the nonlinear
n2 = 1 desription), we nd thatM2αµ will beome nega-
tive rst for the spin omponent of the dipolar eld along
the orthorhombi b-axis.
Canted Néel state.− Let us onsider rst the low dop-
ing regime where 〈Pαµ 〉 = 0. In this ase, the magnetism
is ommensurate and the utuating dipoles give rise to
orretions to the magnon self-energy in one-loop ap-
proximation. The renormalized propagator for the nα
eld reads Gαβ(q) = tδαβ(q
2 +m2α/2−Σα(q))−1, where
(α 6= β 6= γ)
Σα(q) = κ(tλ)
2ǫαβγǫαβγ
×
∫
d2k
(2π)2
(k + q)µ(k + q)µ
(k2 +m2β/2)[(k− q)2 + µ2γµ]
.
The above self-energy is an analytial funtion of the
momentum and thus we write Σα(q) = Σα(0) +
(1/2)qµqν∂
2Σα(q)/∂qµ∂qν |q=0. The rst term in the
self-energy, Σα(0), gives rise to orretions to the magnon
mass
M2α = m
2
α − 2κ(tλ)2ǫαβγǫαβγ
×
∫
d2k
(2π)2
kµkµ
(k2 +m2β/2)(k
2 + µ2γµ)
, (5)
whereas the seond term leads to a redution of the spin
stiness,
ρ˜sµν = ρsδµν − δµνκ(tλ)2ǫαβγǫαβγ
×
∫
d2k
(2π)2
(k2)2 + µ4γν
(k2 +m2β/2)(k
2 + µ2γν)
3
. (6)
It is lear now from Eqs. (4) and (5) that it is exatly
the DM and XY anisotropies that give robustness to the
3anted Néel state at low doping, beause they lead to
nonvanishing magnon gaps, ma 6= 0 and mc 6= 0. Most
remarkably, we nd that the redution of the DM gap,
Ma, is onsistent with reent Raman sattering experi-
ments by Gozar et al. [16℄, whih show that the DM gap
dereases with doping and vanishes at x = xAF ≃ 2%,
when the SG phase sets in. Experimentally, at x = 1%
the derease of the DM gap is about 26% [16℄. Suh
huge renormalization, however, annot be explained sim-
ply from the derease of the tilting angle of the oxygen
otahedra in the LTO phase of LSCO, whih is known
to happen with Sr doping. Our model yields the de-
rease of the DM gap with doping due to the oupling of
the bakground magnetization urrent to the dipoles, Eq.
(2). Using Eq. (5) with the bare values of parameters,
κ˜ ∼ 1.1, λ˜ ∼ 1, t ∼ 1/S2, ma ∼ 2.5 · 10−2, mc ∼ 5 · 10−2,
and µ ∼ 1 [14℄, we determine the doping dependene of
the DM gap, at T = 10 K (see Fig. 1). The redution
of the DM gap at x = 1% is about 27%, in remark-
able agreement with the experiments. Moreover, from
the vanishing of the DM gap we obtained the ritial
onentration xthAF = 0.0198 ≃ 2%, as experimentally
observed [16℄, signaling the instability of the Néel phase.
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FIG. 1: Doping dependene of the DM gap as given by Eq.
(5) using the bare parameters of the model. Experimental
data from Ref. [16℄ taken at T = 10 K.
Our results are also onsistent with reent magneti
suseptibility measurements [11℄. Within our model, the
only eet of doping is the redution of the magnon
masses and of the spin stiness (see Eqs. (5) and (6)).
Therefore, we expet the qualitative features of the sus-
eptibility in the AF region of LSCO to remain the same
as in the undoped ompound [13℄. The peaks in both
χb and χc suseptibilities will be shifted towards lower
temperatures, beause both the redution of the magnon
gaps and of the stiness with doping lead to a derease
of the Néel temperature, TN . This is indeed observed ex-
perimentally [11℄. Furthermore, we nd that the unusual
T = 0 hierarhy of the suseptibilities, χa < χc < χb,
is preserved [13℄ (one the anisotropi van Vlek ontri-
bution to χc is subtrated [11℄) with χa ≈ σ20/t, χb =
(1/t)(D2+/M
2
c (x)), and χc ≈ χa + (1/t)(D2+/M2b (x)),
where σ0 measures the Cu
++
eetive moment [13℄.
L
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FIG. 2: (Color online) Helix rotation of the staggered magne-
tization for x > xAF . Notie that the longitudinal omponent
is the largest, and the small transverse ones desribe an ellipse
in the ac plane.
Helioidal state.− Let us onsider now the ase of
higher doping where an instability towards a phase with
〈Pαµ 〉 6= 0 may our. The easy axis for the spin part of
the dipolar eld is the orthorhombi b-axis, whih is a
onsequene of the hierarhy ma < mc ≪ mb. As the
lattie part is onerned, our model is isotropi, and,
as suh, annot determine the lattie diretion of the
dipolar eld. Motivated by neutron sattering exper-
iments, we assume that the dipolar eld aquires the
expetation value along the b-axis in the lattie spae.
In order to obtain the orresponding nonuniform ong-
uration for the staggered order parameter we onsider
〈Pµ〉 = (0, P0, 0)δµb, and solve the equations of motion
for the n elds. The resulting loal staggered magneti-
zation reads
n(x) = (σa cos (Q · x), σb, σc sin (Q · x)), (7)
with σc = −σa(Q2 +m2a)/P˜0Q and
2Q2 = P˜ 20 −m2a −m2c +
√
(P˜ 20 −m2a −m2c)2 − 4m2am2c ,
(8)
for P˜ 20 > m
2
a + m
2
c , where P˜0 ≡ −ρsλ˜P0. The equa-
tion of motion for the longitudinal omponent yields
n2b = 1−n2a−n2c , and that determines σb. The stati on-
guration for the staggered order parameter is nonuni-
form and its transverse omponents, na and nc, rotate in
a plane perpendiular to the b diretion. Therefore the
staggered order parameter beomes helioidal, as shown
in Fig. 2. Suh a magneti texture arises as a result of the
ompetition between the anisotropies, ma and mc, whih
favor the staggered magnetization along the b-axis, and
〈Pαµ 〉, whih supports a rotation of the n eld in the ac
plane. Sine 〈Pαµ 〉 ∼ x is small, the resulting spin ong-
uration has small omponents in the ac plane, as shown
in Fig. 2.
4The loal magnetization will preess around the c-axis,
see Fig. 2, beause 〈L(x)〉 = (1/2) (〈n(x)〉 ×D+), but
the total spae integrated magnetization, whih is mea-
sured by magneti suseptibility measurements, is still
along the c-axis
M =
1
V
∫
d2x〈L(x)〉 = (0, 0, σbD+
2
),
with σ2b = 1 − σ2a/2 − σ2c/2. Sine the magneti susep-
tibility is obtained from the total magnetization, M, we
onlude that the nonuniform onguration in Eq. (7)
is onsistent with the experiments of Lavrov et al. [11℄,
whih indiate that the Cu
++
spins remain onned to
the orthorhombi bc plane throughout the SG phase, thus
yielding a featureless χa [11℄.
The new helioidal magneti struture gives rise to IC
peaks in neutron sattering at wave vetor Q = (0, Q, 0),
orresponding to the inverse helix pith. Assuming that
in the SG phase Eq. (8) holds with renormalized magnon
gaps, Ma and Mc, we obtain Q
2 = P˜ 20 −M2c ∼ x2 −M2c ,
beause Ma(x > xAF ) = 0. This expression allows us
to understand both the linear dependene of the inom-
mensurability at higher doping x, when Mc is negligible,
as well as a possible deviation from linearity in a region
of sizable Mc (x → xAF ). In fat, neutron sattering
experiments do exhibit suh deviation from linearity at
x = 0.024 [6℄.
We an now make an important new theoretial predi-
tion about the behavior of the IC peaks in the presene of
an applied magneti eld B ⊥ to the CuO2 planes. Sine
in this ase the XY gap softens [12℄, the inommensu-
rability is expeted to reapproah the linear behavior,
Q ∼ x, and is thus larger than for the zero eld ase. In
the stripe piture, on the other hand, the peak positions
remain unhanged [17℄ and thus a perpendiular mag-
neti eld an be used in order to deide between these
two senarios.
Finally, we provide an independent estimate for the
ritial doping onentration xthAF at whih suh heli-
oidal instability takes plae, from the behavior of the
dipolar mass Mbb at T = 0. Assuming that Mbb van-
ishes at xthAF we nd (reall that kF = kF (x))
µ2bb = κ˜
(
λ˜
ρs
)2
Mc
3π
(
ckF
Mc
)3{
1−
[
1− 2
(
Mc
ckF
)2]
×
√
1 +
(
Mc
ckF
)2
− 2
(
Mc
ckF
)3
 . (9)
In order to estimate xthAF we use the bare value for the
mass of the XY mode at the ritial point, mc ∼ 5 ·10−2,
the spin-wave veloity c = 2S
√
2, and for lightly doped
LSCO (x ∼ 0.01), we have ckF /Mc ∼ 5, with kF =√
πx. Thus, in Eq. (9) we an onsider Mc/ckF as a
small parameter to obtain xthAF = π(2µ
2
bbρ
2
s/cκ˜λ˜
2)2 =
0.0206 ≃ 2.1%, sine κ˜ ∼ 1.1, λ˜ ∼ 1, ρs ∼ S2, and
µbb ∼ 1 [14℄, onsistent with the vanishing of the DM
gap, and in agreement with experiments.
Conlusions.− We propose a desription of lightly
doped LSCO in terms of a dipolar frustration model of a
anted antiferromagnet. For x < xAF the dipole-magnon
interation leads to a redution of the DM and XY gaps,
as well as of the spin stiness, and the qualitative fea-
tures of the magneti suseptibility remain the same as
in the undoped ompound [13℄, in agreement with exper-
iments [11℄. The robustness of the AF state stems from
the DM and XY anisotropies, and for xAF < x < xSC
the ground state is unstable towards a helioidal phase
where the loal WF moment preesses around the c-axis
(see Fig. 2). Suh helioidal magneti struture gives
rise to two IC peaks along the b diretion, as observed
in neutron sattering [6℄, while yielding a featureless χa
[11℄. The inommensurability is expeted to sale linearly
with doping, but to deviate from linearity as x → x+AF .
We also predit that suh linearity is reovered one a
perpendiular magneti eld is applied. Our theory pro-
vides, for the rst time, a onsistent desription whih
reoniles neutron sattering, Raman, and magneti sus-
eptibility measurements in lightly doped LSCO, and in-
serts the latter into a wider lass of Lifshitz helimagnets
suh as Ba2CuGe2O7 and K2V3O8 [15℄.
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